Abstract: We study protected correlation functions in N = 2 SCFT whose description is captured by a two-dimensional chiral algebra. Our analysis implies a new analytic bound for the c-anomaly as a function of the flavor central charge k, valid for any theory with a flavor symmetry G. Combining our result with older bounds in the literature puts strong constraints on the parameter space of N = 2 theories. In particular, it singles out a special set of models whose value of c is uniquely fixed once k is given. This set includes the canonical rank one N = 2 SCFTs given by Kodaira's classification.
Introduction and summary
Every four-dimensional N = 2 superconformal field theory (SCFT) contains a protected subsector isomorphic to a two-dimensional chiral algebra [1] . This observation has led to interesting insights into the structure of N = 2 superconformal dynamics, and it will be our main tool in this work. The construction starts by considering a certain class of operators that belong to the cohomolgy of a nilpotent supercharge. These operators are restricted to lie on a plane, and their correlation functions are a meromorphic function of the coordinates on the plane. Two-dimensional chiral algebras are very rigid structures, allowing to fix an infinite amount of protected data from the parent four-dimensional theory. To name a few, it allows to fix selected correlation functions, predict Higgs branch relations, and put constraints on central charges [2] [3] [4] . There has also been a very fruitful interplay between these chiral algebras and the superconformal index [5] [6] [7] [8] [9] [10] .
A similar construction was considered in six-dimensions, allowing the computation of certain exact three-point functions [11] ; and in three dimensions [12] , where the cohomological argument implies a subset of operators is described by a one-dimensional topological theory.
In this note we will be interested in central charge bounds, which can be obtained thanks to a subtle interplay between two-dimensional and four-dimensional quantities. As will be reviewed below, the existence of bounds is closely connected to the presence of null states in the chiral algebra.
Our assumptions will be minimal: an interacting theory with a unique stress-tensor, and a flavor current generating a global flavor symmetry. These two conserved currents sit in shortened multiplets of the N = 2 superconformal algebra, that contain an element captured by the chiral algebra. These multiplets have been studied individually from the chiral perspective in [1] and [4] , leading to new unitarity bounds. 1 Here we consider the logical next step and study the most natural mixed system of correlators: all possible combinations between flavor and stress-tensor multiplets. This analysis will lead to a new analytic bound that when complemented with older results severely reduces the parameter space of N = 2 theories. This bound constrains, for each flavor group, the allowed values of the flavor central charge k 4d and the c 4d -anomaly coefficient:
where the group information enters through the dual Coxeter number h ∨ and the dimension of of the algebra dim G .
This bound carves out the low c 4d portion of the (c 4d , k 4d ) plane, explaining why there are no known theories in this region of the N = 2 landscape. This new bound does not only give a general Table 1 . Properties of the canonical rank one SCFTs associated to maximal mass deformations of the Kodaira singularities with a flavor symmetry [14] [15] [16] [17] [18] [19] . The flavor symmetry of the theories is given by G with Hi → Ai. They can also be obtained as the low energy theory living on a single D3-brane probing an F -theory singularity of type G [15, 16, [20] [21] [22] [23] .
constraint valid for any theory, but it will also allow us to learn more about a specific set of models that sit at special corners of the allowed parameter space.
We present them in Tab. 1 along with their values of c 4d and k 4d , and a short description on ways in which they can be obtained. These models all share the property that their Higgs branch is given by the one-instanton moduli space of G, with their Higgs branch chiral rings finitely generated by the moment maps subject to a relation defining the "Joseph ideal" (see e.g., [24] ). In fact, in [1] , the Higgs branch relation was formulated as a saturation of a unitarity bound, and it was shown that only a restricted number of flavor symmetries can satisfy this constraint:
Moreover, for this to happen the values of c 4d and k 4d are fixed to specific values (the only exception being A 1 2 ). These values matched precisely the ones given in Tab. 1, and predicted two more cases which do not correspond to known theories: G 2 and F 4 . This was an elegant way of rederiving Tab. 1, and one can now ask the interesting question of how unique these theories are. Namely, if one considers a generic theory assuming nothing about its Higgs branch, and we fix k 4d to one of the values given in Tab. 1, what can we say about the value of c 4d ? The results of [1] allow for a range of c 4d values for each of the k 4d in the table, and the question of uniqueness remained unanswered.
The new analytic bound obtained here (1.1), in combination with the old bounds of [1] , will succeed in singling out the canonical set of Tab. 1 with minimal physical input. We will see that these theories live at the intersection of the old and new bound: given k 4d from Tab. 1, the old bound acts as an upper bound on the central charge c 4d , while the new becomes a lower bound on c 4d , allowing for a unique value. The Higgs branch relation then follows as a consequence!
The new bound (1.1) also has implications for the numerical bootstrap program for N = 2 theories initiated in [25, 26] . It indicates that the set of correlators studied in this paper is a promising way to bootstrap the canonical set of Tab. 1, along with the mysterious G 2 and F 4 cases. While D 4 is the familiar su(2) superconformal QCD, the remaining ones have no known Lagrangian description, and the numerical bootstrap seems to be the best approach in order to access their non-protected sector. The bootstrap program for N = 2 theories can be thought of as a two-step process. The first one consists in fixing the part of the correlators captured by the chiral algebra, and obtaining from them an infinite number of OPE coefficients. The second step involves the numerical bootstrap of the complete system of correlators, constraining the CFT data not captured by the chiral algebra. For the second step it is necessary to write the superconformal block decomposition of these correlators. While the blocks for the superconformal primary of the flavor current multiplet four-point function have been obtained in the literature [27] [28] [29] , the remaining ones are still unknown. Still, the results of this paper fulfil the first requirement, and provide the starting point toward the full-blown numerical bootstrap for this system of correlators. Table 2 . Short multiplets of that contain Schur operators using the notation of [33] . The second column gives the associated Dynkin labels: ∆ corresponds to dilatations, (j,) label Lorentz representations, and (R, r) are the su(2)R × u(1)r quantum numbers. The third column indicates where inside the multiplet the Schur operator sits, where (+,+, 1) are the highest-weight values for (j,, R). The last two columns give the 2d holomorphic dimension and r-charge in terms of (j,, R).
A new analytic bound
Let us start by reviewing the 2d chiral algebra description of 4d N = 2 SCFTs. We refer the reader to [1] for more details. The construction relies on the existence of an su(1, 1|2) subalgebra of the full superconformal algebra with an sl(2) × su(2) R factor, and a nilpotent supercharge Q. It can be shown that the diagonal subalgebra of sl(2) × su(2) R , denoted by sl (2), is Q-exact.
We restrict local operators to a plane with coordinates (z,z), of which sl(2) × sl (2) is the global conformal algebra. If an operator at the origin is in the cohomology of Q, we can use the twisted sl(2) to generate anti-holomorphic translations such that it remains in the cohomology. Moreover, the anti-holomorphic dependence of the twisted-translated operator will be Q-exact, and it is then an easy exercise to prove that it will cancel from correlation functions. What remains is just a meromorphic correlator:
The cohomology of Q is non-empty and its cohomology classes are in one-to-one correspondence with certain short multiplets of the N = 2 superconformal algebra. We call the operators described by the 2d chiral algebra "Schur operators", because they sit in multiplets that contribute to the Schur limit of the superconformal index [30] [31] [32] . In Tab. 2 we list all the multiplets that contain Schur operators and their 4d and 2d quantum numbers. The two multiplets of interest to us are
•Ĉ 0(0,0) , conserved semi-short multiplet that contains the stress-tensor and the conserved su(2) R and u(1) r currents.
•B 1 , conserved short multiplet that contains the flavor current, and therefore transforms in the adjoint of the flavor group. Its highest weight is the moment map operator: a scalar of dimension ∆ = 2 that transforms in the triplet of su(2) R .
We will be interested in the four-point functions of the Schur operators of these multiplets, as they are the ones described by the chiral algebra. For theĈ 0(0,0) multiplet this corresponds to the su(2) R current: J IJ ++
, and we denote the associated 2d operator by T . For theB 1 multiplet the Schur operator is the moment map and we denote the corresponding 2d operator by J a , with a an adjoint index. As shown in [1] , the 4d OPEs imply the following 2d OPEs:
The global sl(2) enhances to full Virasoro and T (z) becomes the 2d stress-tensor. Similarly the global flavor symmetry gives rise to the the holomorphic current J a (z) of an affine Kac-Moody algebra at level k 2d . The 2d central charges c 2d and k 2d are related to their four-dimensional counterparts by
Schur correlators in 4d
In this work we are only interested in correlators of Schur operators because they are captured by the 2d chiral algebra, and not in the full content of theĈ 0,(0,0) andB 1 multiplets. In particular we will consider the following mixed system of correlators:
The OPE selection rules relevant for this set of correlators are,
Here we are only listing the exchange of Schur operators. 3 By an abuse of notation we denote the Schur operator coming from a given multiplet by the name of the corresponding multiplet. For the last OPE we only used su(2) R and u(1) r selection rules, which are necessary but not sufficient conditions for multiplets to appear. The multipletsĈ 0(j,j) with j > 0 contain conserved currents of spin larger than two, and therefore they are absent in an interacting theory [36, 37] . In the last OPE all operators must transform in the adjoint of the flavor group, and since we are interested in interacting theories thê C 0(0,0) multiplet will be absent as well, as we expect a unique stress-tensor in the singlet representation.
A subtle point that plays a key role in our analysis, is that the selection rules cannot distinguish between several copies of the same multiplet appearing in (2.5). In some cases when there is extra physical information one can specify their number. For example, we know there is a single stress-tensor multipletĈ 0,(0,0) , and that in theB 1 ×B 1 OPE only the sameB 1 appears. Generically, however, in order to distinguish between copies one would need a careful analysis of all possible correlators of the theory. Here we will be content with the mixed system presented in (2.4). We can split the operators between two groups: the ones appearing in theĈ 0,(0,0) ×Ĉ 0,(0,0) OPE, and the ones appearing in thê B 1 ×B 1 OPE. When considering the first two four-point functions, only operators in either one of the groups are exchanged, but when considering the last four-point function operators in the intersection of the two groups are exchanged. We will be particularly interested in theĈ 1( [4] . Using this basis, the second group of operators appearing in theB 1B1 OPE containĈ
, plus extra multiplets which we collectively denote byĈ
Note that if we consider additional four-point functions we would be able to distinguish the different multiplets contained inĈ
. From our point of view however, we can treat this collection of multiplets as a single entity, since orthogonality implies it contributes to the block expansion as a sum of squares of OPE coefficients, which is also a non-negative number. Each of theĈ multiplets gives rise to a two-dimensional chiral operator, contributing to the twisted four-point functions as quasi-primary operators with holomorphic dimension h = 4 (see Tab. 2).
Twisted correlators in 2d
Let us now consider the two-dimensional system of correlators:
These correlators can be fixed using crossing symmetry or 2d Ward identities (see e.g., [38] ):
For the last four-point function (2.13) we are only interested in operators being exchanged in the singlet channel, because these are the ones that contribute to the mixed correlator (2.12). As such, we project G abcd JJJJ (z) onto the singlet and from here on consider only
where dim G and h ∨ are the dimension of the algebra and the dual Coxeter number, and are given Table 3 . Dual Coxeter number and dimension of the adjoint representation for the simple Lie groups.
in Tab. 3 for convenience. Each correlator is described by the 2d chiral algebra and we can therefore expand them using sl(2) conformal blocks:
The flavor structure is now trivial so we omit it from the above expansion. The explicit expressions for the a (h) coefficients are
Each sl(2) block receives contributions from four-dimensional multiplets containing Schur operators, and the interplay between 2d and 4d perspectives will allow us to obtain bounds. Let us then interpret the coefficients of the sl(2) block decomposition in terms of the 2d OPE coefficients. From the exchange of h = 4 operators in the 2d correlators we find
h=4 ] = a ] respectively. For that it is necessary work out the exact relation between the 4d and the 2d OPE coefficients, which corresponds to a theory independent numerical factor. This was done in [1, 25] for theB 1 correlator (using the superconformal blocks of [27] [28] [29] 
we get a nontrivial constraint on the allowed values of c 4d and k 2d :
Note that the only assumptions required to obtain this bound were the existence of a stress tensor, a flavor symmetry G, and that the theory is interacting. It provides a universal lower bound for the central charge c 4d as a function of k 2d valid for any theory with a flavor symmetry.
Before we proceed to a more careful analysis of (2.20), let us comment that the same logic can be applied to higher-spinĈ 1(j,j) operators, but the associated bounds are weaker. One could also ask whether different bounds could arise from analyzing different OPE channels or more general correlators. Decomposing (2.9) in sl(2) blocks by taking the double OPE (T (z 1 )J a (z 2 )) and J b (z 3 )T (z 4 ) does lead to a k 4d -independent bound on c 4d , but it turns out to be weaker than the c 4d 11 30 bound of [4] . Similarly, from an analysis of the
correlator only weaker bounds on c 4d and k 4d are obtained. This exhausts all four-point functions of the minimal set given by T and J.
One can also enlarge the minimal set by adding extra multiplets. For example, any theory in which the two-dimensional stress tensor is not given by the Sugawara construction will have aB 2 multiplet associated to the difference c Sug T − c T Sug . Unfortunately, a preliminary analysis seems to suggest more physical input is needed in order to fix OPE coefficients from correlators involvingB 2 . More precisely, there are two different types of 4d multiplets that give rise to 2d operators of the same holomorphic dimension, and which we cannot disentangle without extra input.
Consequences for the N = 2 landscape
In order to have a more comprehensive view of the landscape of N = 2 theories, we will supplement our new bound (2.20) with the analytic bounds obtained in [1] . These were also obtained using the chiral algebra construction, but by looking only at the four-point function of affine Kac-Moody currents, instead of the full mixed system considered here. Among the most interesting bounds found in [1] , is the one associated to the vanishing of aB 2 multiplet in the singlet channel:
Bounds of the form k 4d n(G) where n(G) is a real number that only depends on the flavor symmetry were also obtained. With the exception of G = su(2), all of these bounds arise from the vanishing of aB 2 multiplet in a particular representation appearing in Sym 2 (adj). We refer the reader to the original paper for the complete list. Here we will be mostly concerned with (3.1) and (2.20) . Saturation of the analytic bounds implies relations among the different parameters appearing in the inequality. An interesting question is whether it is possible to saturate (3.1) and (2.20) simultaneously, in the range of k 4d allowed by the bounds of the type k 4d n(G). It turns out this can happen for only a handful of flavor symmetries with specific values for the central charges c 4d and k 4d . We list all the solutions in Tab. 4. It is worth pointing out that in this list the value of k 4d saturates the bound of [1] for these groups (with the exception of the su(2) case), namely k 4d to flavor symmetries g 2 and f 4 , which had already made an appearance in [1] , but whose associated four-dimensional SCFTs are not known to exist. In fact, this collection of algebras and central charges was also obtained in [1] , although for a given k 4d , the bounds there still allowed for smaller c 4d . The pairs (c 4d , k 4d ) were only fixed after imposing that the Higgs branch of the theory corresponded to the one-instanton moduli space for G instantons, i.e., by imposing Higgs branch relations that define the Joseph ideal (see e.g., [24] ). This is known to hold for the aforementioned rank one theories. These relations imply the saturation of the bounds in all channels appearing in Sym 2 (adj) − (2adj), where (2adj) denotes the representation whose Dynkin labels are twice that of the adjoint. This requires G to be given by the list in Tab. 4 and, with the exception of G = su (2), the values of c 4d and k 4d are fixed by the requirement that both (3.1) and the k 4d n(G) bounds be saturated. From the two-dimensional perspective saturation of these bounds implies the presence of a null state in the chiral algebra. For (3.1) this has as a consequence that the stress tensor of the 2d theory is given by the Sugawara construction. Indeed, it is easy to check that solving for c 2d gives the standard formula for the Sugawara central charge. This led [1] to conjecture that the chiral algebras associated to these theories are affine Kac-Moody current algebras at level
2 , where k 4d is given in Tab. 4.
4 On the other hand, saturation of (2.20) signals the presence of a null state at level h = 4. This state can be interpreted as a difference between two holomorphic operators, and its absence implies the sl(2) primary containing : T T : can be written in terms of the J current.
Let us now analyze our new bound in the (c 4d , k 4d ) plane to have a clearer picture of how the N = 2 theory space looks. In Fig. 1 we plot in blue the analytic bound (2.20) , and in red the analytic bounds of [1] ((3.1) and k n(G)) for the simplest case of G = su (2) . We have added a sample of known theories with flavor group either equal to su(2), or containing an su(2) factor. The value of k 4d = n(G = su(2)) = 2 3 is ruled out by (3.1), and now the smallest allowed k 4d is 8 3 , for which c 4d is fixed uniquely-that of the H 1 theory. Note that the free hypermultiplet, which enjoys an su(2) flavor symmetry, is ruled out by the analytic bounds. This is consistent since both bounds were obtained imposing the absence of higher spin currents. We have also superimposed the numerical bound obtained in [25] . It is clear that our analytic bound is significantly stronger. 5 The numerical bound exhibited a puzzling minimum that would have corresponded to an N = 2 theory with no conventional Coulomb branch, this now cannot be the case since that region is disallowed. Finally, we note that the central charges of N = 4 SYM, which in N = 2 language have an su(2) flavor symmetry, have low values when compared to the N = 2 families. Any improvement of our central charge bound will at best be saturated by N = 4, unless we restrict ourselves to pure N = 2 theories. This can be accomplished by imposing the absence of certain D-type multiplets that contain the extra supercurrents of N = 4.
As a second example we turn to G = e 6 in Fig. 2a . As in the su(2) case there is an intersection between the analytic bounds (2.20) (shown in blue) and (3.1) (shown in red), but now the intersection 1), and H0 (for N 2 when it has an su(2) flavor symmetry) [19] .
point also coincides with the minimal allowed value of k 4d (also in red). This plot is a representative of what happens for all the remaining groups in Tab. 4, in which the values of (c 4d , k 4d ) are selected by a triple intersection of bounds, su(2) being the only exception in which the k 4d bound is a bit weaker. The e 6 plot can also be complemented with the numerical bounds of [25] . Contrary to the su(2) case, the numerical bounds allow to carve out a larger portion of the (c 4d , k 4d ) plane. This is good news, the analytic bound is strong for low values of k 4d , but for larger values the numerical bound does better.
The strongest results are achieved by complementing analytic and numerical techniques. In this plot we also marked the position of a few theories with flavor group equal to, or containing e 6 to give an idea of how the e 6 landscape looks. Finally, as a representative of all the other flavor groups for which there is no intersection of (2.20) and (3.1), we show the case of su(4) in Fig. 2b , where the first bound is shown in blue and the second in red. The gap on the right side means that for the smallest possible k 4d there is a range of allowed values for the central charge. Indeed, it is not hard to find a theory which lies inside this range. The rightmost dot in the figure represents su(2) superconformal QCD, which has an enhanced so (8) symmetry and corresponds to the so(8) entry of Tab. 4. Here we are considering it by embedding an su(4) factor inside the so (8) . For larger rank theories, either su(N ), so(N ), usp(N ) the gap becomes larger and the bounds are less constraining. As N increases, the upper and lower bounds get more separated, with the difference between them growing like N 2 . To conclude, let us discuss how one could improve on the results presented here. Looking at the landscape plots, it is natural to ask whether a bound of the form c 4d k 4d
. . . could ever be found from the bootstrap. Holographic arguments suggest that such a bound should exist, at least for theories with a weakly coupled gravitational description. On the dual AdS, the central charges c 4d and k 4d are related to the strength of the gravitational and gauge couplings, and the statement that of [25] is also shown in gray. We also marked the position of several theories with at least e6 and su(4) flavor symmetry, namely the rank N version of some of the theories given in Tab. 1 [19] , the T N 4 family of theories of [39] which have an su(N ) 3 flavor symmetry, and the R 0,N 3 of [40] which have an su(2) × su(2N ) flavor symmetry (for N = 3 the flavor symmetry enhances and it corresponds to the rank one e6).
bounded from below would follow from the statement that gravity is the weakest force [41] . 6 The fact that the numerical e 6 bound improves on the analytic bound for large k, seems to hint that this information is indeed coded in the N = 2 crossing symmetry equations. We hope to come back to this problem in the future.
